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Using the “Quality Factor” (QF) method, we analyse the scaling properties of deep-
inelastic processes at HERA and fixed target experiments for x≤10−2.
Geometric scaling [2] is a remarkable empirical property verified by data on high energy
deep inelastic scattering (DIS). One can represent with reasonable accuracy the cross section
σγ
∗p by the formula σγ
∗p(Y,Q) = σγ
∗
(τ) , where Q is the virtuality of the photon, Y the
total rapidity in the γ∗-proton system and τ = logQ2 − logQs(Y ) = logQ2 − λY is the
scaling variable. In this paper, we will study different forms of scalings predicted by theory
and compare them to the data [3].
1 Scaling variables
The stochastic extension of the Balitsky-Kovchegov equation [4] for dipole amplitude T reads
∂T
∂Y
= αS
[
χ(−∂L)T − T 2 +
√
α2SκT ν(L, Y )
]
(1)
where χ is the BFKL [5] kernel, L = logQ2 and ν a gaussian “noise” corresponding to the
fluctuation of the number of gluons in the proton. The second term of Eq. 1 corresponds to
the gluon recombination and the last term to pomeron loops. We notice that we obtain the
BFKL LL equation when αS is taken to be constant, the term in T
2 is neglected and κ = 0
and the Balitsky-Kovchegov equation [4] when αS is constant and κ = 0. Let us consider
different cases.
When αS is constant and κ = 0, it is possible to show that the solution of the Balitsky-
Kovchegov equation does not depend independently on Y and logQ2 but on a combination
of both, τ = L− λY . This is called “fixed coupling” (FC) in the following.
When αS is running (αS ∼ 1/ logQ2), it is impossible that both L∂T/∂Y and χ(−∂L)T
follow the same scaling at the same time. Two approximate solutions are found either in
scaling ∂LT L∂T/∂Y
T (L− λ
√
Y ) ∂T
∂L
(L− λ
√
Y ) = ∂T
∂L
L ∂T
∂Y
= λL
2
√
Y
T
SCALING APPR. SCALING
T (L− λY/L) ∂T
∂L
(L − λY/L) =
(
1 + λY
L2
)
∂T
∂L
L ∂T
∂Y
(L− λY/L) = −λ ∂T
∂Y
APPR. SCALING SCALING
Table 1: Approximate scalings in the case of the BK equation (RCI and RCII).
DIS 2008
T (L − λ
√
Y ) or in T (L − λY/L). In Table 1, we see that both scalings cannot be sat-
isfied at the same time and scaling is only exact when L ∼
√
Y . In the following, we
call the two scalings τ = L − λ
√
Y and τ = L − λY/L, “Running coupling I” (RCI)
and “Running coupling II” (RCII) respectively. An extension of “Running coupling II”
(called RCIIbis) was also considered by adding the additional parameters Λ and Y0 in
Q/Λ and Y − Y0 instead of Q and Y respectively. The third case is when αS is con-
stant, and we introduce the term in
√
T . In that case, it can be shown that the scaling is
λ
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Figure 1: Normalised QF to 1. as a function
of λ and scaling curve with λ fixed to the value
corresponding to the best QF for RCII (λ =
3.44). A Q2 > 3 GeV2 cut was applied to the
data.
(L− λY )/
√
Y , called diffusive scaling (DS)
in the following.
2 Scaling in DIS data
2.1 Quality factor
The question rises how to quantify the qual-
ity of the different scalings and compare
them using the DIS data. The difficulty
comes from the fact that the τ dependence
is not known and an estimator is needed to
know whether data points depend only on
τ or not. This is why the concept of quality
factor (QF) was introduced [6].
The first step is the normalise the data
sets (F2 measurements for instance) vi =
log(σi) and the scalings ui = τi(λ) between
0 and 1 a. The ui are ordered. We define
the QF as
QF (λ) =
[∑
i
(vi − vi−1)2
(ui − ui−1)2 + ǫ2
]−1
(2)
where ǫ is a small term (taken as 0.0001)
needed in the case when two data points
have the same scaling (same x and Q2). The
method is then simple: we fit λ to maximise
QF to obtain the best scaling.
2.2 Scaling tests in DIS using F2
To test the different scalings, we first con-
sider the proton structure function mea-
surements F2 from H1, ZEUS, NMC and
E665 [7]. We apply some cuts on data
1 ≤ Q2 ≤ 150 GeV2, x ≤ 10−2 to stay
in the perturbative domain and also avoid
the region where valence quark dominates,
aNote that we take the logarithm of the cross section since it varies by orders of magnitude.
DIS 2008
scaling Parameter QF
FC λ = −0.33 1.63
RCI λ = 1.81 1.62
RCII λ = 3.44 1.69
RCII bis λ = 3.90, Λ = 0.30, Y0 = −1.2 1.82
DS λ = 0.36 1.44
Table 2: QF for F2 data (Q
2 > 3 GeV2) and the different scalings. The results are similar
when taking all data with Q2 > 1 GeV2.
which leads to 217 data points. As an exam-
ple, the results for RCII are given in Fig. 1.
The different scalings show quite good val-
ues of QF, while RCII is favoured and DS
disfavoured as it is indicated in Table 2.
λ
0 2 4 6 8 10
 
 
 
 
 
 
QF
n
o
rm
al
is
ed
   
   
  
0
0.2
0.4
0.6
0.8
1
Running Coupling II
DVCS
Figure 2: λ dependence of the normalised QF
to 1. for DVCS data and for RCII. The star
indicated the values of λ obtained with a fit
to F2, Q
2 > 3 GeV2.
To study the Q2 dependence of the fit-
ted parameters the data points are divided
into four separate Q2 samples: [1; 3], [3; 10],
[10; 35], and [35; 150] GeV2. There is a
slight increase of the λ parameter in the
case of FC (from 0.28 to 0.40) while RCI
is quite flat at λ ∼ 1.8. This can be eas-
ily understood since RCI shows a natural
Q2 evolution. We notice a stronger increase
in the case of RCII (λ=1.6; 3.2; 3.5; 4.1
in the different Q2 regions) , showing the
breaking of this scaling as a function of Q2.
Since this scaling gives already the best QF,
it would be worth to study the breaking of
scaling and introduce it in the model to fur-
ther improve the description of the data.
The λ parameter decreases strongly (espe-
cially in the last Q2 bin) for the DS from
0.46 to 0.11 which confirms the fact that
this scaling leads to the worst description
of the data.
We also tested that the F c
2
from charm
data shows the same scalings as for F2. However the F
c
2
MRST and CTEQ parametrisations
corresponding to NLO QCD DGLAP fits do not show the same scaling, which shows a
different behavour between data and parametrisation [3].
2.3 Fits to DVCS data from H1 and ZEUS
After fitting all H1 and ZEUS F2 data, it is worth studying whether the DVCS data measured
by the same experiments [8] lead to the same results. The amount of data is smaller (34
points for H1 and ZEUS requiring x ≤ 0.01 as for F2 data) and the precision on the λ
DIS 2008
parameter will be weaker. The results of the fits can be found in Fig. 2. To facilitate the
comparison between the results of the fits to F2 and DVCS data, a star is put at the position
of the λ value fitted to the H1+ZEUS F2 data with Q
2 in the range [3; 150] GeV2. We note
that the DVCS data lead to similar λ values to the F2 data, showing the consistency of the
scalings.
2.4 Implications for Diffraction and Vector Mesons
In this section, we check if the scalings found in the previous section can also describe
diffractive and vector meson data. Since these data are much less precise than the F2 or
DVCS data and depend more on non-perturbative inputs (meson wave function, diffractive
parton distribution inputs...), we choose to impose the same values of parameters found in
the previous section and check if the scaling is also observed using this value. Concerning
the diffractive FD
2
data [9], we use βdσγ
∗→Xp
diff , and the same definition of τ , replacing x by
xIP , Q
2 remaining the same. For vector meson data [10], we use the same scaling formulae
as before replacing Q2 by Q2 +M2V where MV is the mass of the vector meson. Both data
sets show the same scalings as for F2, and the quality factors are similar [3]. As an example,
we give the scaling curves for ρ data and the fixed coupling scaling in Fig. 3.
As a phenomenological outlook, it seems useful to work out models dipole amplitude
which could incorporate the successful scaling laws. On the theoretical ground, our phe-
nomenological analysis can help to improve the theoretical analysis of scaling.
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Figure 3: Scaling curves for FC and ρ data
using the same λ parameter as for the F2 fit.
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